INTRODUCTION
Let us commence by recalling the multicommodity flow problem and its For what commodity graphs H is this necessary condition also sufficient? w x The answer was given by the following result of Papernov 17 : if H is the complete graph K with four¨ertices or the circuit C with fi¨e 4 5 Ž .ertices or a union of two stars and 1 holds, then the multicommodity flow problem has a solution.
This result generalizes many earlier known theorems on multicommodw x ity flows established in 11, 12, 16, 18, 19 . Ž . Let G s V, E be a complete graph the edges e g E of which have Ž . Ž . nonnegative real-valued lengths l e . Suppose that d x, y denotes the ric d X on V is defined as follows: take a partition of V into five blocks, and X Ž . consider each of them as a vertex of K . Put d x, y s 0, if x and y 2, 3 X Ž . belong to a common block, otherwise let d x, y be the distance in K 2, 3 between the blocks containing x and y. Finally, if d s d
X for some positive , we will say that d is a Hamming 2, 3-metric.
Combining linear programming arguments with the result of Papernov Ž w x. one can obtain the following theorem see 13 . 
nonempty, i.e., the family of balls of X has the Helly property. The notion of hyperconvex spaces has been introduced by Aronszajn w x and Panitchpakdi 1 , who proved that a hyperconvex space is injective, i.e., Ž is a retract of any metric space in which it is isometrically embedded for w x. additional information consult 2, 10 . To be more precise, here are the Ž . basic notions: a metric space X, d is isometrically embedded into a metric
for all x, y g X. In this case we say that X is a subspace of Y and that Y is an extension of X. Now, a retraction h: Y ª X from a metric space where a systematic treatment of this construction and its applications were Ž w x. given for applications see also 5 . Although we need only a few elementary facts, mainly concerning the structure of T of small metric spaces, let X us review some essential features of tight extensions.
Ž .
for all y , y g Y;
It has been shown in 6 that an extension Y, d of a metric space X is tight if and only if
holds for all y , y g Y. 1 2 In case X is compact, one can find a uniquely determined smallest subset F of X, such that any tight extension of X is a tight extension of 
i Y is a tight extension of X;
In particular, for any y , y g Y there exist x , x g F such that 
which is given by x ª h , where the function h is defined by the formula
Ž . Ž .
x w x From Theorem 3 of 6 it follows that T endowed with the L -metric is a X ϱ tight extension of X and the map h is an isometric embedding of X into X w x T . It has been shown in 5, 6, 9 that T is the universal tight extension of X X X , i.e., it contains, up to canonical isometries, every tight extension of X, and it has no proper tight extension itself. On the other hand, from the w x proof of Theorem 2.1 of 9 it follows that T is the smallest injective X extension of X, i.e., T is the injective hull of X.
n with the L -metric and it consists of the finite union ϱ w x w x of a number of convex polyhedra of dimensions between 1 and nr2 5, 6 . For our purposes we need the precise structure of T for small metric X Ž . spaces n F 5 only. T of metric spaces with at most four points has been X w x described in 4᎐6 and T of metric spaces with five points was established X w x in 4, 6 . Before we present these results, notice that in all these cases T X is a union of a number of line segments, rectangles, or half-squares Ž endowed with the rectilinear distance due to the well-known fact that . there is an isometry from the l -plane to the l -plane .
w x the parity condition, then all isolation indices of cuts are integers; cf. 3 .
X X
Indeed, for a cut S s A, B and points a, a g A and b, b g B,
is an even integer. Hence all numbers over which this minimum is taken for ␣ are integers, whence the isolation index of any cut is an integer.
A, B
< < Now we are ready to describe T for X F 5, actually reproducing the X w x results from 4᎐6 .
< < If X s 2, T is a line segment, with two points of X at the ends. defined on X can be expressed in the form
In consequence, T isometrically embeds in the l -plane. 
then the sides of the rectangle are given by the isolation indices ␣ Äu, x4, Ä y,¨4 Ž . w x and ␣ see Fig. 2 ; for details consult 4᎐6 . Again, d decomposes
into a sum of Hamming metrics
and T embeds in the l -plane. 
Ž . indices modulo 5 , where ␥ s ␣ and ␤ s ␣ . As is
shown in Fig. 3 , T consists of five rectangles glued together to form a X ''star'' and five line segments attached by one end to each corner of the star. In this case T isometrically embeds in ‫ޒ‬ 3 endowed with the 2  1  2  2  2  2  2  2  1  2  1 where ␥ , ␥ , , , , ␤ , ␤ , ␤ , ␤ , and ␤ are the isolation indices of 1  2  1  2  3  0  1  2  3  4 the respective cuts and d X is the 2, 3-metric defined by TYPE III. The labels and parameters are as in type II, but now
< < Elementary cells of T , X F 5 will be called the pendant line segments, X the full rectangles, or the triplets of identical triangles glued together Ž along their common diagonal to form a solid K for them we will use 2, 3 . the short-name K -cell . We will end this section by stating some useful 2, 3 properties of the space T . A straightforward verification shows that every Žactually, the boundary segments of every nonempty set of the type B R . have such points . Therefore, with B in hands we can find at least one its integer point in only constant time.
PROOFS OF THEOREMS A᎐E
Ž . Let G s V, E be a complete graph the edges e g E of which have Ž . Ž . nonnegative lengths l e , and let H s X, F be a graph with X : V. edges pp , i s 1, . . . , r and S contains the edges, j s 1, . . . , t. Put 
Taking the restriction of each d , k s 1, . . . , m, on V we will get the k Ž . required H-packing of d consisting of Hamming respectively, cut metrics. Thus, it suffices to establish the validity of Theorems A, B, and C only for H s K and H s C . Therefore, in all cases to be considered the graph 4 5 Ž . Hs X,F has at most five vertices.
Let Y be the union of the sets V and T glued together along their common vertex of R and C will be the gate of every point of W l R .
x x
For convenience, we will denote it also by x. Then each distance between Ž . two points w and w of W decreases by the value d w , w . Therefore, it Finally, suppose that we are in the conditions of Theorems D or E. To construct the required 2, 3-metrics we identify the triangles T , T and T . Ž Consider a rectilinear grid within the resulting triangle recall, it repre-. sents a half-square by taking all vertical and horizontal lines passing through the images of points of W as is sketched in Fig. 9 . We copy the obtained grid in all three triangles of C. Then T , T , T are subdivided 1 2 3 into a collection of rectangles and half-squares, latter being arranged along the common edge of these triangles. The triplets C , . . . , C of 
